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8. Improper Integrals

Definition 8.1: [Improper Integral]

The definite integral

∫ b

a

f(x) dx is called an improper integral if

1. At least one of the limits of integration is infinite, for example

∫ ∞

0

1

x+ 1
dx,

∫ 3

−∞

1

x− 2
dx,∫ ∞

−∞

1

1 + x2
dx.

2. The integrand f(x) has one, or more points of discontinuity on the interval [a, b],∫ 3

0

1

x
dx,

∫ 5

1

x

x− 5
dx,

∫ 1

−1

1

x2
dx.
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Type I

1. If

∫ t

a

f(x) dx exists for every number t ≥ a, then

∫ ∞

a

f(x) dx = lim
t→∞

∫ t

a

f(x) dx,
?

provided this limit exists (as a finite number).

2. If

∫ b

t

f(x) dx exists for every numbert ≤ b, then

∫ b

−∞
f(x) dx = lim

t→−∞

∫ b

t

f(x) dx
?

provided this limit exists (as a finite number). The improper integrals

∫ ∞

a

f(x) dx

and

∫ b

−∞
f(x) dx are called convergent if the corresponding limit exists and divergent

if the limit does not exist.

3. If

∫ ∞

a

f(x) dx and

∫ a

−∞
f(x) dx are convergent, then we defined

∫ ∞

−∞
f(x) dx =

∫ a

−∞
f(x) dx +

∫ ∞

a

f(x) dx.

In part 3 any number a can be used.
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y

x

y = f(x)

∞∫
a

f(x) dx = lim
t→∞

t∫
a

f(x) dx

a t

y

x

y = f(x)

b∫
∞

f(x) dx = lim
t→−∞

b∫
t
f(x) dx

bt
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Example 1. Determine whether the integral is convergent or divergent

∫ ∞

1

1

x2
dx.

Solution:
∞∫
1

1

x2
dx = lim

t→∞

t∫
1

1

x2
dx

= lim
t→∞

−1

x

∣∣∣∣
t

1

= lim
t→∞

(
−1

t
+ 1

)

= 1.

Hence,

∫ ∞

1

1

x2
dx converge to 1.

1

1 2 3 4

y

x

y = 1
x2

�
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Example 2. Determine whether the integral is convergent or divergent

∫ ∞

1

1

x
dx.

Solution:

∞∫
1

1

x
dx = lim

t→∞

t∫
1

1

x
dx

= lim
t→∞ ln |x||t1

= lim
t→∞ (ln |t| − ln 1) ln 1 = 0

= lim
t→∞ (ln |t|)

= ∞.

Hence,

∫ ∞

1

1

x
dx diverges. �
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Example 3. Determine whether the integral is convergent or divergent

∞∫
0

1

ex + e−x
dx.

Solution:

∞∫
0

1

ex + e−x
dx = lim

t→∞

t∫
0

1

ex + e−x
dx

= lim
t→∞

t∫
0

1

ex + e−x

ex

ex
dx

= lim
t→∞

t∫
0

1

e2x + 1
ex dx

= lim
t→∞

t∫
0

1

(ex)2 + 1
ex dx

= lim
t→∞

[
tan−1 (ex)

]t
0

= lim
t→∞

[
tan−1 (et)− tan−1 1

]
=

[π
2
− π

4

]
=

π

4
.

Hence,

∫ ∞

1

1

x
dx converge to

π

4
. �
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Example 4. Determine whether the integral is convergent or divergent

∞∫
−∞

1

x2 + 1
dx.

Solution: Note

∞∫
−∞

1

x2 + 1
dx =

0∫
−∞

1

x2 + 1
dx+

∞∫
0

1

x2 + 1
dx

∞∫
0

1

x2 + 1
dx = lim

t→∞

t∫
0

1

x2 + 1
dx

= lim
t→∞

[
tan−1 x

]t
0

= lim
t→∞

[
tan−1 t− tan−1 0

]
=

π

2
.
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0∫
−∞

1

x2 + 1
dx = lim

t→−∞

0∫
t

1

x2 + 1
dx

= lim
t→−∞

[
tan−1 x

]0
t

= lim
t→−∞

[
tan−1 0− tan−1 t

]
=

[
0− −π

2

]
=

π

2
∞∫

−∞

1

x2 + 1
dx =

0∫
−∞

1

x2 + 1
dx+

∞∫
0

1

x2 + 1
dx

=
π

2
+

π

2
= π.

Hence,

∫ ∞

−∞

1

x2 + 1
dx converge to π. �
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Example 5. Determine whether the integral is convergent or divergent

∫ ∞

0

xe−xdx.

Solution:

∫ ∞

0

xe−xdx = lim
t→∞

∫ t

0

xe−xdx

= lim
t→∞ −xe−x − e−x

∣∣ t

0

= lim
t→∞

[
− te−t − e−t + 0 + e−0

]

= lim
t→∞

[
−te−t − 1

et
+ 1

]

= lim
t→∞(−te−t)− lim

t→∞
1

et
+ 1

= lim
t→∞(

−1

et
)− lim

t→∞
1

et
+ 1

= (0− 0 + 1) = 1.

Hence,

∫ ∞

0

xe−xdx converge to 1.

0.5

1 2 3 4 5-1

y
y = xe−x

�
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8.1. Type II

1. If f is continuous on the interval [a, b) and has an infinite discontinuity at b, then∫ b

a

f(x) dx = lim
t→b−

∫ t

a

f(x) dx.
?

2. If f is continuous on the interval (a, b] and has an infinite discontinuity at a, then∫ b

a

f(x) dx = lim
t→a+

∫ b

t

f(x) dx.
?

3. If f is continuous on the interval [a, b] except for some c in (a, b) at which f has an

infinite discontinuity, then

∫ b

a

f(x) dx =

∫ c

a

f(x) dx+

∫ b

c

f(x) dx. In each case, if the

limit exists, then the improper integral is said to converge; otherwise, the improper
integral diverges. In the third case, the improper integral on the left diverges if either
of the improper integrals on the right diverges.
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y

x

y = f(x)

b∫
a
f(x) dx = lim

t→a−

b∫
t
f(x) dx

a t b

y

x

y = f(x)

b∫
a

f(x) dx = lim
t→b+

t∫
a

f(x) dx

a t b
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Example 6. Determine whether the integral is convergent or divergent

∫ 1

0

1√
1− x

dx.

Solution: The function is undefined at x = 1. We could define this integral as:

∫ 1

0

1√
1− x

dx = lim
b→1−

∫ b

0

1√
1− x

dx

= lim
b→1−

∫ b

0

(1− x)−1/2 dx

= lim
b→1−

−2(1− x)1/2
∣∣∣b
0

= lim
b→1−

−2(1− b)1/2 + 2 = 2.

The integral converges to 2.
1

2

3

1 2

y

x

y = 1√
1−x

�
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Example 7. Determine whether the integral is convergent or divergent

1∫
0

x lnx dx.

Solution: Note that lim
t→0+

t2 ln t (0.(−∞)) I.F.

lim
t→0+

t2 ln t = lim
t→0+

ln t
1
t2

(
−∞
∞

)
I.F.

L.H.
= lim

t→0+

1
t

−2
t3

= lim
t→0+

t2

−2
= 0.
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1∫
0

x lnx dx = lim
t→0+

1∫
t

x lnx dx

= lim
t→0+

1∫
t

lnx d

(
1

2
x2

)
u = lnx dv = x dx

= lim
t→0+

⎡
⎣1

2
x2 lnx|1t −

1∫
t

1

2
x2 1

x
dx

⎤
⎦ du =

dx

x
v =

1

2
x2

= lim
t→0+

[
0− 1

2
t2 ln t− [

1

4
x2]1t

]

= lim
t→0+

[
−1

2
t2 ln t− 1

4
+

1

4
t

]

=

[
0− 1

4

]
=

−1

4

Hence,

∫ ∞

1

1

x
dx converge to

−1

4
. �
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8.2. A Comparison Test for Improper integrals

Theorem 8.1: [The Comparison Theorem ]
Suppose that f and g are continuous functions with f(x) � g(x) � 0 for x ≥ a,

1. If

∫ ∞

a

f(x) dx is convergent, then

∫ ∞

a

g(x) dx is convergent.

2. If

∫ ∞

a

g(x) dx is divergent, then

∫ ∞

a

f(x) dx is divergent.

y

x

y = f(x)

a

y = g(x)
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Example 8. Use the Comparison Theorem to determine whether the integral is convergent

or divergent

∫ ∞

1

√
1 +

√
x√

x
dx.

Solution: Observe that

√
1 +

√
x√

x
>

1√
x

on [1,∞) Now,

∫ ∞

1

1√
x
dx =

∫ ∞

1

1

x1/2
dx ⇒ p =

1

2
< 1.

Then,

∫ ∞

1

1√
x
dx is divergent. Thus

∫ ∞

1

√
1 +

√
x√

x
dx is divergent by Comparison Theo-

rem.

1

2

1 2 3 4 5-1

y

x

y =

√
1+

√
x√

x

y = 1√
x

�
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Example 9. Use the Comparison Theorem to determine whether the integral is convergent

or divergent

∫ 1

0

e−x

√
x
dx.

Solution: Observe that e−x 	 1 ⇒ e−x

√
x

	 1√
x

for 0 < x 	 1. Now,

∫ 1

0

1√
x
dx = lim

a→0+

∫ 1

a

1√
x
dx

= lim
a→0+

2x1/2
∣∣∣1
a

= lim
a→0+

[
2− 2

√
a
]
= 2.

Thus,

∫ 1

0

e−x

√
x
dx is convergent by Comparison Theorem. �
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